We theoretically investigate the two-photon absorption spectrum of conventional s-wave superconductors. The calculation is carried out in the local limit at absolute zero. The direct excitation of quasiparticles is excluded under the condition that the frequency of the external field is lower than twice the magnitude of the superconducting gap. We calculate vertex corrections with the conserving approximation, and show that the amplitude mode is independent of the impurity scattering in the local limit. Because of this property, a diverging absorption edge appears in the dirty limit.
Introduction
The superconducting transition is accompanied by collective modes.
1 Corresponding to degrees of freedom of the order parameter, there are phase and amplitude modes.
The former couples with a density fluctuation and becomes a plasmon. 2 This makes the experimental observation of the phase mode difficult. (The relative phase mode appears below the superconducting gap (∆) in two-band superconductors 3 or in the Josephson junction between two superconductors. 4 This mode is used as a superconducting quantum bit.
5 )
The amplitude mode 6, 7 was investigated via phonon degrees of freedom in the superconducting charge-density-wave material 8, 9 because this mode does not directly interact with the external field (the interaction term is not given in the bilinear form). Therefore, the objects of this investigation have been restricted within specific materials.
The development of the terahertz technique made the amplitude mode observable in other materials. This technique induces nonlinear responses, and an investigation by pump-probe spectroscopy has recently been performed.
10
By this method, an oscillation of the conductivity was observed by exciting quasiparticles by the pump pulse with its frequency comparable to 2∆. This type of observation of the transient state is a major method for studying the nonequilibrium superconductivity. In this paper, we show, however, that the amplitude mode is detectable in the two-photon absorption (TPA) spectrum without exciting extra degrees of freedom such as quasiparticles and phonons. Because a direct excitation of quasiparticles above the superconducting gap is excluded, this investigation can be performed in the steady state without destroying a superconducting state.
The conditions for our calculation are as follows. Absorption spectra are calculated in the dirty and local limits, 11 which hold in a pump-probe experiment. 10 Except for a calculation of the linear response, the frequency of the external field (ω) is set to be lower than 2∆, and then there is no direct excitation of quasiparticles across the superconducting gap. We also consider the case of the low-temperature limit (T → 0)
in which the thermal excitation of quasiparticles is excluded. Under these conditions, the result of our calculation shows that the amplitude mode causes a divergent peak (∼ 1/ √ ω − ∆) around the absorption edge ω = ∆, which is quantitatively estimated to be detectable.
In Sect. 2, the formulation to calculate the current density is given with a definition of the action. In Sect. 3, the one-particle Green function, the linear absorption function, and the TPA function without the vertex correction are calculated. In Sect. 4, the vertex correction is introduced and classified into the amplitude mode and impurity scattering.
The TPA functions with these vertex corrections are calculated. In Sect. 5, numerical calculations are performed with use of the results in Sects. 3 and 4. In Sect. 6, a short summary is given. A brief discussion for a future study is also given. We set = 1 in this paper.
Formulation
The response function is calculated with the use of the method of nonequilibrium Green's function. 12, 13 The definition of the current density is written as
Here, i = √ −1 and
S imp is given by the summation of terms for electrons (ψ) [S ψ = dt k,σψ k,σ (t)(i∂ t − ξ k )ψ k,σ (t) (k and σ indicate the wave number and spin, respectively)], phonons (b) [S b = dt qb q (t)(i∂ t −ω q )b q (t)], the interaction between electrons and the external field (A)
k,q,σψ k+q,σ (t)(b q (t) + b −q (t))ψ k,σ (t) (g ph is the coupling constant)], and the impurity scattering for electrons
(N 3 is the number of sites. ω q is the frequency of phonons. ξ k = k 2 /2m − E F is the kinetic energy of electrons measured from the Fermi energy E F , and v k = ∂ξ k /∂k. The direction of the external field is fixed and its index is omitted. u k−k ′ represents the impurity potential and will be assumed to be isotropic.)
The integration ( dt) is carried out on the forward and backward paths in time.
13
The Coulomb interaction is omitted because it is not effective except for pushing up the phase mode to the plasmon. 
Response Function

Linear response
First, we show the calculation of the linear response, and in this case, the current density is written as J
(1)
(1 and0 are the unit and null 2 × 2 matrix, respectively). In the calculation of the response function, we omit the diamagnetic term, which is proportional to 1/m = ∂v k /∂k (the inverse of the electron mass) because it is negligible. 14 (Hereafter, the index of the wave vector q is omitted because we consider the local limit q = 0.) The electronic Green's function in the Keldysh-Nambu space iš
This is calculated with the Born approximation for the impurity scattering 15 and the weak coupling approximation for the electron-phonon interaction, and the results arê
are Pauli matrices, and η
{ n i and u are the concentration of impurities and the magnitude of the impurity potential, respectively. k F is the Fermi wave number.
sgn(ǫ) = ǫ/|ǫ|, and θ(x) = lim T →0 [1+tanh(x/2T )]/2 is a step function}. We consider the Einstein phonon with its frequency ω q = ω E , and in the weak coupling approximation (∆ ≪ ω E ), 16 the gap equation is written as
The calculated result for the linear absorption spectrum (the real part of the conductivity; Reσ
which is the same as that of previous works. 17, 18 Here, σ ∆ = e 2 k 
Here, σ 0 = e 2 n e τ /m with n e = k ω . This originates from a property of the vertex v k1 . The vertex correction is not effective in the linear response because of the inversion symmetry, as discussed in Sect. 4.1.
Third-order response without the vertex correction
The third-order nonlinear response function is introduced to calculate the TPA spectrum. The current density in this case is given by J
are defined below.) The third-order response function with no vertex correction is K
(|E| is the magnitude of the electric field.) The absorption spectrum obtained by this process is given by
Here, θ < ω = θ(ω − ∆)θ(2∆ − ω) (the first and second θ's correspond to the absence of thermal excitation and a restriction for our calculation, respectively), 
Vertex Correction
The current density with the vertex correction is also derived from Eq. (1). The diagram of the response function is shown in Fig. 1(a) . The vertex correction is introduced, consistent with the conserving approximation. 19 The irreducible four-point vertex is obtained from the self-energy. The latter is already included in the above calculations and its diagram is shown in Fig. 1(b) . From this interaction term, the vertex correction is obtained by solving an integral equation with its diagrammatic representation given in Fig. 1(c) . We divide this into two terms as in Fig. 2 response function with the vertex correction is written as K
Vertex correction by the amplitude mode
First, we show the calculation of K . The weak coupling approximation is introduced for the electron−phonon interaction as in the case of the self-energy. (This approximation corresponds to neglecting the inelastic scattering, which is considered to be small at low temperatures.) Then, the result is written as
Here,Ť =
, and χ corresponding components of a 2 × 2 matrixĥ ( t indicates a transposition). 
Here,1 is a 4 × 4 unit matrix and
The vertex correction by the electron−phonon interaction iš
Equation (4) is rewritten as K
is interpreted as a nonequilibrium part of the self-energy because it includes the effect of the external field.χ 9 This is calculated as
Here, f s (q) = 2
In TPA, there exists another type of coupling vertex with external fields:τ 3 ∂v k /∂k (the diamagnetic term). In this case, the quantity corresponding toχ The resulting absorption spectrum is given by
shows that, in the local limit, the amplitude mode is independent of the impurity scattering when its vertex correction is included, consistent with a conservation law. This property is similar to the fact that nonmagnetic impurities are ineffective on the gap in conventional s-wave superconductors.
21 This result is consistent with an observation of the long-time (≫ τ ) oscillation of the amplitude mode, 10 and gives an explanation for this behavior.
Although the amplitude mode is independent of α, the absorption by this mode depends on the impurity scattering. In Eq. (8), χ ′ is roughly proportional to 1/α for
and Imχ
The effect of the amplitude mode on the absorption spectrum is clearly observed at the band edge, which is Reσ
The amplitude mode appears not around ω = 2∆ but around ω = ∆. This is because the TPA results from two photons with the frequency of a photon being ω, and ω = ∆ means 2ω = 2∆. Here, "two photons" does not indicate the quantized electromagnetic field, but the second order of the external field (the excitation by A 2 ω ).
Vertex correction by the impurity scattering
is derived in a similar way. In the case of ω < 2∆ and T → 0, the finite contribution to ImK (3) comes from the term that includes a factor such as
. Then, the calculated result for the absorption spectrum is written as
Here, F 
Numerical Calculations
Numerical calculations are carried out for Eqs. (2), (3), (8), and (9) for general values of α without taking α ≫ ∆. The results of numerical calculations for Reσ (3) ω /σ (α,E) are shown in Fig. 3(a) . Here, Reσ
2 . As Reσ
ω /σ (α,E) becomes independent of α for α ≫ ∆. Although this behavior is indicated by an analytical calculation, numerical calculations show that Reσ for large values of α, as shown in Fig. 3(b) . This originates from the ω-dependence of χ The variation of Reσ (3) ω from the clean (α/∆ ≪ 1) to dirty (α/∆ > 1) cases is shown in Fig. 5(a) . [σ (∆,E) = σ ∆ (eξ 0 |E|/∆) 2 in the denominator is independent of α.] There is no absorption in the clean limit (α/∆ → 0) as noted above, 11 and the TPA increases with increasing α in the case of α/∆ ≪ 1. In the dirty case, the TPA decreases with increasing α as noted in previous sections. The reason for this is that the absorption occurs in the wider ω range as α increases, which is also seen in the linear absorption in Fig. 5(b) . This shift of the spectral weight contributes to a relative predominance of the amplitude mode in the TPA around ω ≃ ∆ for the dirty limit.
We quantitatively estimate Reσ ω /σ (α,E) ) and proportional to |E| 2 /α for α ≫ ∆. If we put |E| = 5 kV/cm, ξ 0 /π = 5 nm, ∆ = 2.5 meV, and α/∆ = 100, then (Reσ
ω /σ (α,E) ). This indicates that the TPA by the amplitude mode can be observed in roughly the same magnitude as the linear response.
Because this calculation is based on a perturbative expansion by the external field, the magnitude of the electric field should be adjusted so that the Reσ smaller than 1 for the validity of this theory.
Summary and Discussion
We calculated the TPA spectrum in dirty superconductors. As for the absorption edge and the dependence on the impurity scattering, there are differences between the linear and nonlinear responses. In the dirty limit, the term with vertex corrections gives a predominant contribution to the TPA. Although the finite absorption generally exists at the band edge in the TPA spectrum, the amplitude mode is clearly observed because of a singular behavior as 1/ √ ω − ∆. This mode is not suppressed in the dirty limit because a self-energy effect by the impurity scattering is canceled out with its vertex correction. Our result shows that the TPA would provide a probe to observe the amplitude mode experimentally.
Although we consider the steady state, our method can be extended to investigate the transient state by introducing the integration over frequencies of the external field.
In the latter case, the restriction on ω (ω < 2∆) is removed because of the finite radiation time. This type of study would give a direct comparison of a theory to the pump-probe spectroscopy.
10
Investigating various types of interaction is also a possible application of our method.
The method of calculating the vertex correction with the conserving approximation can be extended beyond the mean field approximation (for example, strong coupling effect).
This is in contrast to a method using the Hubbard-Stratonovich transformation for the attractive interaction. For example, in some unconventional superconductors such as cuprates, there is no gap structure in the linear absorption spectrum, 22 unlike in the conventional superconductors studied here. This type of system should be investigated beyond the mean field approximation, as this will be an interesting subject for studying the amplitude mode by our method.
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Here, 1/q is the characteristic length of the external field (the magnetic field penetration depth or thin film thickness). Introducing q = 0 in calculations to make the absorption finite 23, 24 corresponds to a nonlocal case. The absorption disappears in the clean and local limits (α ≪ ∆ and v F q ≪ ∆). 
